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All spaces are assumed to be Tychono . A monotone map is a closed continuous surjection with connected bres. If A and B are subsets of a space X then A is called locally connected rel B if for every a 2 A and every neighbourhood U of a in X there is a neighbourhood V of a such that V U and V \ B is connected.
As far as extending monotone maps over compacta the following is known: Proposition 1. If f : X ! Y is monotone and C is a compacti cation of X such that f extends to a continuousf : C ! Y thenf is monotone. Proposition 2. If f : X ! Y is monotone, D is a compacti cation of Y such that DnY is locally connected rel Y , and C is a compacti cation of X such that f extends to a continuousf : C ! D thenf is monotone.
The rst proposition is folklore (see Hart 3 , Lemma 2.1]) and the second proposition can be found in Dijkstra 1] . The two propositions have the same conclusion but very dissimilar premises: for instance, if Y is metric then its Cech-Stone remainder is never locally connected rel Y . Our rst theorem uni es these propositions.
In this paper we will discuss functions f : X ! Y andf : C ! D such that X and Y are dense subsets of C respectively D. Unless stated otherwise if A is a subset of X respectively Y , A and int(A) refer to the closure and the interior of A in C respectively D. Let 
is an open set which is disjoint from X. Since X is dense we have that f ?1 (V ) and int(U) are disjoint. Since x 2 int(U) we have f(x) 6 = y.
Proof of Theorem 4. Statement (2) follows trivially from (1). We shall prove: (2) ) (3) , (3) ) (4) , and (4) ) (1) .
Assume (2) Let x be an element of U such thatf(x) = y. Then U \f ?1 (W) ñ f ?1 (A) is a neighbourhood of x and hence P = U \f ?1 (W) n A 0 is a neighbourhood of x. Since A 0 = U \f ?1 (W) \ X we have that P does not intersect X { a contradiction. So we may conclude that U is disjoint fromf ?1 (y), which contradicts our assumption that fU; V g separates f ?1 (y). The proof is complete. (1) For every space X and every monotone map f : X ! Y there exists a space C such that X is dense in C and f extends to a monotone and perfectf : C ! D, (2) For every closed subspace X of Y I such that the projection f : X ! Y is monotone there exists a space C such that X is dense in C and f extends to a monotonef : C ! D, (3) Every y 2 Y has a neighbourhood U in D such that U is a monotone extension of Y \ U, (4) There exists an open O in D that is a monotone extension of Y . Proof. Statement (2) follows trivially from (1). We shall prove: (4) ) (1) , (3) ) (4) , and :(3) ) : (2) .
Assume (4) is a singleton. So we may conclude thatf is monotone and perfect. We construct by induction for each < an ordinal ( ) < Remarks. Note that the condition that Y has ordered neighbourhood bases is only used to prove (2) ) (3) . Without any restrictions on Y we have (3) , (4) ) (1) ) (2) . One can think of other conditions that would make Theorem 6 true. For instance, if Y is an ordered space then the proof can easily be adapted. The question is whether the implications (1) ) (3) or (2) ) (3) are true in general.
Proposition 1 implies that every monotone map can be \compacti ed" to a monotone map by using the Cech-Stone compacti cations. For separable metric spaces that result is not very satisfactory. Especially since we were motivated to look at monotone maps by a problem formulated in Dijkstra and Mogilski 2], which concerns extendibility of cell-like decompositions of Hilbert space. To address the metric case we have the following Continuing this back-and-forth process we nd an increasing sequence It is obvious thatf ?1 (G) = F and that g is closed and surjective. It remains to verify that g has connected bres. If y 2 Y then g ?1 (y) is connected by Lemma 5. Let y 2 G n Y and x 2F such thatf(x) = y. Select a sequence x 1 ; x 2 ; : : : in X that converges to x. If x = 2 C then fx n : n 2 Ng is closed in C. Sincef : C ! D is closed we have that ff(x n ) : n 2 Ng is closed in D. This contradicts the fact that f(x 1 ); f(x 2 ); : : : is a sequence in Y that converges to y 2 D n Y . So we may conclude that if y 2 G n Y then g ?1 (y) =f ?1 (y). Sincef is monotone we have that g is monotone. 
